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Abstract
Benson and Gordon constructed the unimodular solvable Lie group GBG. In this paper, we prove
that GBG admits lattices. In addition, we construct compact symplectic solvmanifolds without the
Hard Lefschetz property.
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Introduction
The purpose in this paper is to prove that the completely solvable Lie group constructed
by Benson and Gordon admits a lattice, that is, a discrete co-compact subgroup. Benson
and Gordon [2] constructed a completely Lie algebra gBG given by
gBG = span{A,X1, Y1,Z1,X2, Y2,Z2},
[X1, Y1] = Z1, [X2, Y2] = Z2,
[A,X1] = X1, [A,Y1] = −2Y1, [A,Z1] = −Z1,
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and the other brackets being zero. The completely solvable Lie group GBG corresponding
to gBG can be expressed as follows:
GBG =




e−t 0 e−2t x1 0 z1
0 et 0 e2t x2 z2
0 0 e−2t 0 y1
0 0 0 e2t y2
0 0 0 0 1

; t, xi, yi, zi ∈ R, i = 1,2


.
A solvable Lie algebra g is called completely solvable if for each X ∈ g, ad(X) :g → g
has only real eigenvalues. Hattori [7] proved that the Chevalley–Eilenberg cohomology of
the completely solvable Lie algebra H ∗(g) is isomorphic to the de Rham cohomology of
the solvmanifold H ∗DR(G/Γ ), where G is the simply-connected Lie group corresponding
to g and Γ is a lattice of G.
We say that a compact symplectic manifold (M2m,ω) has the Hard Lefschetz property
if the mapping Lk :Hm−kDR (M) → Hm+kDR (M), where Lk[α] = [ωk ∧ α], is an isomorphism
for each k  m. It is well known that a compact Kähler manifold has the Hard Lef-
schetz property and its minimal model is formal. In the case of compact nilmanifolds,
if Lm−1 :H 1DR(M) → H 2m−1DR (M) is an isomorphism, or if its minimal model is formal,
then M is a torus [1,6].
Note that the Lie group GBG × R has a left invariant symplectic structure. It is known
that if GBG admits a lattice Γ , then the solvmanifold GBG/Γ × S1 does not have the Hard
Lefschetz property [2]. In particular, GBG/Γ × S1 admits no Kähler structures. However,
the minimal model of GBG/Γ × S1 is formal [3] (cf. [8]).
We consider a completely solvable Lie algebra g(k1,k2) given by
g(k1,k2) = span{A,X1, Y1,Z1,X2, Y2,Z2},
[X1, Y1] = Z1, [X2, Y2] = Z2,
[A,X1] = k1X1, [A,Y1] = k2Y1, [A,Z1] = (k1 + k2)Z1,
[A,X2] = −k1X2, [A,Y2] = −k2Y2, [A,Z2] = −(k1 + k2)Z2,
where k1, k2 ∈ Z. Note that gBG = g(1,−2). The simply-connected completely solvable Lie
group G(k1,k2) corresponding to g(k1,k2) can be expressed by
G(k1,k2) =




e(k1+k2)t 0 ek2t x1 0 z1
0 e−(k1+k2)t 0 e−k2t x2 z2
0 0 ek2t 0 y1
0 0 0 e−k2t y2
0 0 0 0 1

; t, xi, yi, zi ∈ R, i = 1,2


.
Now we state our main theorem.
Theorem 1. The completely solvable Lie group G(k1,k2) admits a lattice.
In Section 2, we generalize Theorem 1. Let n be a nilpotent Lie algebra of (m − 1)-
dimension which admits a lattice. Then n has a basis {X1, . . . ,Xm−1} whose the structure
constants are integers.
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to the completely solvable Lie algebra g given by
g = span{A} × n˜,[
A,X1i
]= kiX1i , [A,X2i ]= −kiX2i (i = 1, . . . ,m− 1),
where {ki} are integers which satisfies the derivation conditions, i.e., [A, [X1i ,X1j ]] =
[[A,X1i ],X1j ] + [X1i , [A,X1j ]] for each i, j. Let G be the simply-connected completely
solvable Lie group corresponding to g.
Theorem 2. A completely solvable Lie group G constructed above admits a lattice Γ.
Let M2m = G/Γ × S1 be a compact solvmanifold as above. Assume that M has a sym-
plectic structure ω. By the same argument as in [11], if Lm−2 :H 2DR(M) → H 2m−2DR (M) is
an isomorphism, then n is Abelian. Thus (M2m,ω) has the Hard Lefschetz property if and
only if n is Abelian.
In Section 3, we give an example of symplectic solvmanifold without the Hard Lef-
schetz property.
1. Proof of Theorem 1
In this section, we prove Theorem 1. Note that the product of the group
G(k1,k2) =
{(
t,
(
x1
x2
)
,
(
y1
y2
)
,
(
z1
z2
))
; t, xi, yi, zi ∈ R, i = 1,2
}
is given by(
t,
(
x1
x2
)
,
(
y1
y2
)
,
(
z1
z2
))
·
(
t ′,
(
x′1
x′2
)
,
(
y′1
y′2
)
,
(
z′1
z′2
))
=
(
t + t ′,
(
x1(t, xi, x
′
i )
x2(t, xi, x
′
i )
)
,
(
y1(t, yi, y
′
i )
y2(t, yi, y
′
i )
)
,
(
z1(t, xi, yi, zi, x
′
i , y
′
i , z
′
i )
z2(t, xi, yi, zi, x
′
i , y
′
i , z
′
i )
))
,
where
x1
(
t, x1, x
′
1
)= ek1t x′1 + x1,
x2
(
t, x2, x
′
2
)= e−k1t x′2 + x2,
y1
(
t, y1, y
′
1
)= ek2t y′1 + y1,
y2
(
t, y2, y
′
2
)= e−k2t y′2 + y2,
z1
(
t, x1, y1, z1, x
′
1, y
′
1, z
′
1) = e(k1+k2)t z′1 + ek2t x1y′1 + z1,
z2
(
t, x2, y2, z2, x
′
2, y
′
2, z
′
2
)= e−(k1+k2)t z′2 + e−k2t x2y′2 + z2.
The inverse for g = (t, (x1x2), (y1y2), (z1z2)) is given by
g−1 =
(
−t,
(−e−k1t x1
k1t
)
,
(−e−k2t y1
k2t
)
,
(
e−(k1+k2)t (x1y1 − z1)
(k1+k2)t
))
.−e x2 −e y2 e (x2y2 − z2)
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B =
(
0 −1
1 k
)
∈ SL(2,Z),
where k > 2. Put α = logλ. The characteristic polynomial of B is given by f (x) = x2 −
kx + 1. Let P = (1 λ1 λ−1) ∈ GL(2,R). Then we see PBP−1 = (λ 00 λ−1).
We define a diffeomorphism ϕ :R7 → G(k1,k2) by
ϕ(A) =
(
αt,
(
x1 + λx2
x1 + λ−1x2
)
,
(
y1 + λy2
y1 + λ−1y2
)
,
(
z1 + λz2
z1 + λ−1z2
))
,
for A = (t, x1, x2, y1, y2, z1, z2) ∈ R7. Indeed, since
( x1+λx2
x1+λ−1x2
)= P (x1x2), ϕ is a diffeomor-
phism. Put Γ = ϕ(Z7).
We prove that Γ is a lattice of G(k1,k2). It is obvious that Γ is discrete and ϕ(U) is com-
pact, where U = {(t, xi, yi, zi) ∈ R7; 0  t, xi, yi, zi  1}. Thus it is sufficient to prove
that Γ is a subgroup of G(k1,k2).
Let γ, γ ′ ∈ Γ such that γ = ϕ((s, ui, vi,wi)), γ ′ = ϕ((s′, u′i , v′i ,w′i )). Put
s(γ ) = αs,
u1(γ ) = u1 + λu2, u2(γ ) = u1 + λ−1u2,
v1(γ ) = v1 + λv2, v2(γ ) = v1 + λ−1v2,
w1(γ ) = w1 + λw2, w2(γ ) = w1 + λ−1w2.
Then we see s(γ γ ′) = α(s + s′).
We see that(
u1(γ γ ′)
u2(γ γ ′)
)
=
(
ek1αsu1(γ ′)+ u1(γ )
e−k1αsu2(γ ′)+ u2(γ )
)
=
(
ek1αsu1(γ ′)
e−k1αsu2(γ ′)
)
+
(
u1(γ )
u2(γ )
)
=
(
ek1αs(u′1 + λu′2)
e−k1αs(u′1 + λ−1u′2)
)
+
(
u1 + λu2
u1 + λ−1u2
)
=
(
ek1αs 0
0 e−k1αs
)(1 λ
1 λ−1
)(
u′1
u′2
)
+
(1 λ
1 λ−1
)(
u1
u2
)
= PBk1sP−1P
(
u′1
u′2
)
+ P
(
u1
u2
)
=
(1 λ
1 λ−1
){
Bk1s
(
u′1
u′2
)
+
(
u1
u2
)}
=
(1 λ
1 λ−1
)(
u′′1
u′′2
)
,
where
(u′′1
u′′2
)= Bk1s(u′1
u′2
)+ (u1u2). Hence we see that
u1
(
γ γ ′
)= u′′1 + λu′′2, u2(γ γ ′)= u′′1 + λ−1u′′2.
Similarly, we see that
v1
(
γ γ ′
)= v′′1 + λv′′2 , v2(γ γ ′)= v′′1 + λ−1v′′2 ,
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(v′′1
v′′2
)= Bk2s(v′1
v′2
)+ (v1v2).
Since
(u1(γ )v1(γ ′)
u2(γ )v2(γ ′)
)= (u1(γ ) 00 u2(γ ))(v1(γ ′)v2(γ ′)), we see that(
w1(γ γ ′)
w2(γ γ ′)
)
=
(
e(k1+k2)αsw1(γ ′)+ ek2αsu1(γ )v1(γ ′)+ w1(γ )
e−(k1+k2)αsw2(γ ′)+ e−k2αsu2(γ )v2(γ ′)+ w2(γ )
)
=
(
e(k1+k2)αsw1(γ ′)
e−(k1+k2)αsw2(γ ′)
)
+
(
ek2αsu1(γ )v1(γ ′)
e−k2αsu2(γ )v2(γ ′)
)
+
(
w1(γ )
w2(γ )
)
=
(
e(k1+k2)αsw1(γ ′)
e−(k1+k2)αsw2(γ ′)
)
+
(
ek2αs 0
0 e−k2αs
)(
u1(γ ) 0
0 u2(γ )
)(
v1(γ ′)
v2(γ ′)
)
+
(
w1(γ )
w2(γ )
)
,
(
w1(γ γ ′)
w2(γ γ ′)
)
= PB(k1+k2)s
(
w′1
w′2
)
+ PBk2sP−1
(
u1 + λu2 0
0 u1 + λ−1u2
)
P
(
v′1
v′2
)
+ P
(
w1
w2
)
.
Moreover,(
u1 + λu2 0
0 u1 + λ−1u2
)
= u1
(
1 0
0 1
)
+ u2
(
λ 0
0 λ−1
)
= u1I + u2PBP−1.
Thus we have the following:(
w1(γ γ ′)
w2(γ γ ′)
)
= P
{
B(k1+k2)s
(
w′1
w′2
)
+Bk2s(u1I + u2B)
(
v′1
v′2
)
+
(
w1
w2
)}
=
(1 λ
1 λ−1
)(
w′′1
w′′2
)
,
where
(w′′1
w′′2
)= B(k1+k2)s(w′1
w′2
)+Bk2s(u1I + u2B)(v′1v′2
)+ (w1w2). Hence we see that
w1
(
γ γ ′
)= w′′1 + λw′′2 , w2(γ γ ′)= w′′1 + λ−1w′′2 .
Next, the inverse for γ = ϕ((s, ui, vi,wi)) is given by
γ−1 =
(
−s(γ ),
(−e−k1αsu1(γ )
−ek1αsu2(γ )
)
,
(−e−k2αsv1(γ )
−ek2αsv2(γ )
)
,
(
e−(k1+k2)αs(u1(γ )v1(γ )− w1(γ ))
e(k1+k2)αs(u2(γ )v2(γ )− w2(γ ))
))
= ϕ((−s, u′′i , v′′i ,w′′i )),
where
(u′′1
u′′2
)= −B−k1s(u1u2), (v′′1v′′2
)= −B−k2s(v1v2) and (w′′1w′′2
)= B−(k1+k2)s{u1(v1v2)+ u2B(v1v2)−(w1
w
)}
. Hence we see γ−1 ∈ Γ. Therefore Γ is a subgroup of G(k1,k2).2
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group G admits a lattice Γ , then we can consider the Mostow fibration. Thus we com-
pute the minimal model of G/Γ by two methods. These are applying Nomizu–Hattori’s
theorem [7,9] and Félix–Thomas theorem [4]. In the case of GBG, Tralle claims that the
computational results are different. However, there are errors in calculation in applying
Félix–Thomas theorem.
2. Generalization
In this section, we generalize Theorem 1.
Let n be a (m − 1)-dimensional nilpotent Lie algebra. We assume that n has a basis
{X1, . . . ,Xm−1} for which [Xi,Xj ] =∑i,j<k CkijXk, where Ckij ∈ Z.
Let n˜ be the direct product n1 × n2, where nj = span{Xj1 , . . . ,Xjm−1} ∼= n. We extend n˜
to the completely solvable Lie algebra g given by
g = span{A} × n˜,[
A,X1i
]= kiX1i , [A,X2i ]= −kiX2i (i = 1, . . . ,m− 1),
where {ki} are integers which satisfies the derivation conditions, i.e., [A, [X1i ,X1j ]] =
[[A,X1i ],X1j ]+[X1i , [A,X1j ]] for each i, j. Let G be the (2m−1)-dimensional completely
solvable Lie group corresponding to g. The product of the group
G =
{(
t,
(
x11
x21
)
, . . . ,
(
x1m−1
x2m−1
))
; t, xji ∈ R, j = 1,2, i = 1, . . . ,m− 1
}
is given by(
t,
(
x1i
x2i
))
·
(
t ′,
(
x1i
′
x2i
′
))
=
(
t + t ′,
(
f 1i (t,x
1,x1
′
)
f 2i (t,x
2,x2
′
)
))
,
where for each i,
f 1i
(
t,x1,x1
′)= eki t x1i ′ + x1i ∑
J=(p1,...,pi−1,q1,...,qi−1)
ekiJ t aiJ
(
x11
)p1 · · · (x1i−1)pi−1
× (x11 ′)q1 · · · (x1′i−1)qi−1 ,
f 2i
(
t,x2,x2
′)= e−ki t x2i ′ + x2i ∑
J=(p1,...,pi−1,q1,...,qi−1)
e−kiJ t aiJ
(
x21
)p1 · · · (x2i−1)pi−1
× (x21 ′)q1 · · · (x2′i−1)qi−1 ,
aiJ ∈ Z and kiJ is an integer determined by k1, . . . , km−1. We easily see that the inverse for
g = (t, (x1i
x2i
))
is given by
g−1 =
(
−t,
(
g1i (t,x
1)
2 2
))
,gi (t,x )
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g1i
(
t,x1
)= −e−ki t x1i + ∑
J=(p1,...,pi−1,q1,...,qi−1)
eliJ t biJ
(
x11
)p1 · · · (x1i−1)pi−1
× (x11 ′)q1 · · · (x1′i−1)qi−1 ,
g2i
(
t,x2
)= −eki t x2i + ∑
J=(p1,...,pi−1,q1,...,qi−1)
e−liJ t biJ
(
x21
)p1 · · · (x2i−1)pi−1
× (x21 ′)q1 · · · (x2′i−1)qi−1 ,
biJ ∈ Z and liJ is an integer determined by k1, . . . , km−1.
Theorem 2.1. A completely solvable Lie group G constructed above admits a lattice Γ .
Proof. Let B ∈ SL(2,Z) be a unimodular matrix with distinct positive eigenvalues λ,λ−1
as in Section 1. Then we see that PBP−1 = (λ 00 λ−1), where P = (1 λ1 λ−1) ∈ GL(2,R). Put
α = logλ.
We define a diffeomorphism ϕ :R2m−1 → G by
ϕ(A) =
(
αt,
(
x11 + λx21
x11 + λ−1x21
)
, . . . ,
(
x1m−1 + λx2m−1
x1m−1 + λ−1x2m−1
))
for A = (t, (x11 , x21), . . . , (x1m−1, x2m−1)) ∈ R2m−1. Put Γ = ϕ(Z2m−1). We prove that Γ
is a lattice of G. By the same argument in Section 1, it is sufficient to prove that Γ is a
subgroup of G.
For γ = (αs, ( u1i +λu2i
u1i +λ−1u2i
))
, γ ′ = (αs′, ( u1i ′+λu2i ′
u1i
′+λ−1u2i
′
)) ∈ Γ , we see
γ γ ′ =
(
αs,
(
u1i + λu2i
u1i + λ−1u2i
))
·
(
αs′,
(
u1i
′ + λu2i ′
u1i
′ + λ−1u2i ′
))
=
(
α
(
s + s′),( f 1i (αs, (u1j + λu2j ), (u1j ′ + λu2j ′))
f 2i (αs, (u
1
j + λ−1u2j ), (u1j ′ + λ−1u2j ′))
))
and
γ−1 =
(
−αs,
(
g1i (αs, (u
1
j + λu2j ))
g2i (αs, (u
1
j + λ−1u2j ))
))
.
Note that(
(v11 + λv21)r1 · · · (v1n + λv2n)rn 0
0 (v11 + λ−1v21)r1 · · · (v1n + λ−1v2n)rn
)
=
(
v11 + λv21 0
0 v11 + λ−1v21
)r1
· · ·
(
v1n + λv2n 0
0 v1n + λ−1v2n
)rn
=
{
v11
(1 0)+ v21
(
λ 0
−1
)}r1
· · ·
{
v1n
(1 0)+ v2n
(
λ 0
−1
)}rn
0 1 0 λ 0 1 0 λ
92 H. Sawai, T. Yamada / Topology and its Applications 149 (2005) 85–95= (v11I + v21PBP−1)r1 · · · (v1nI + v2nPBP−1)rn
= P (v11I + v21B)r1 · · · (v1nI + v2nB)rnP−1,
where rj ∈ Z. It implies that(
f 1i (αs(u
1
j + λu2j ), (u1j ′ + λu2j ′))
f 2i (αs(u
1
j + λ−1u2j ), (u1j ′ + λ−1u2j ′))
)
= P
(
w1i
w2i
)
=
(1 λ
1 λ−1
)(
w1i
w2i
)
and (
g1i (αs, (u
1
j + λu2j ))
g2i (αs, (u
1
j + λ−1u2j ))
)
= P
(
w1i
′
w2i
′
)
=
(1 λ
1 λ−1
)(
w1i
′
w2i
′
)
.
where w1i ,w
2
i ,w
1
i
′
,w2i
′ ∈ Z. Thus Γ is a subgroup of G. 
Let M2m = G/Γ × S1 be a compact solvmanifold as above. We assume that M has a
symplectic structure ω. If n is not Abelian, then Lm−2 : H 2DR(M) → H 2m−2DR (M) is not an
isomorphism (see [11]).
Remark 2.1. (1) Let f (x) = xn + an−1xn−1 + · · · + a1x + (−1)n be a polynomial with
distinct positive zero points λ1, λ2, . . . , λn, where ai ∈ Z. Take the following unimodular
matrix:
B =


0 0
1 0
. . .
. . .
0
0
−(−1)n
−a1
. . .
. . .
...
0 1 00 1 −an−2−an−1

 ∈ SL(n,Z).
Let
P =

1 λ1 . . . λ
n−1
1
...
...
...
1 λn . . . λn−1n

 ∈ GL(n,R).
By a straightforward computation, we see
PBP−1 =


λ1 0
. . .
0 λn

 .
Let n be a nilpotent Lie algebra as above. Then we can extend n˜ = n1 × · · · × nn, where
nj ∼= n (j = 1, . . . , n), to the completely solvable Lie algebra g, the solvable Lie group G
corresponding to which has a lattice Γ.
(2) Let G be a completely solvable Lie group constructed in (1). Assume that the com-
pact solvmanifold M = G/Γ (×S1) has a symplectic structure ω. If n is not Abelian, then
Ll :HnDR(M) → H 2l+nDR (M) is not an isomorphism, where dimM = 2(l + n) (cf. [11]).
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Let n be a 2m-step nilpotent Lie algebra given by
n = span{X,Y1, . . . , Y2m; [X,Yi] = Yi+1, i = 1, . . . ,2m− 1}.
Let n˜ be a direct product n1 × n2, where nj = span{Xj ,Y j1 , . . . , Y j2m} ∼= n. We extend n˜ to
the completely solvable Lie algebra given by
g = span{A} × n˜,[
A,X1
]= −2X1, [A,Y 1i ]= (2m− 2i + 1)Y 1i ,[
A,X2
]= 2X2, [A,Y 2i ]= −(2m− 2i + 1)Y 2i ,
where i = 1, . . . ,2m. Let G be the (4m + 3)-dimensional completely solvable Lie group
corresponding to g. Hence the product of the group
G =
{(
t,
(
x1
x2
)
,
(
y1i
y2i
))
; t, xj , yji ∈ R, j = 1,2, i = 1, . . . ,2m
}
is given by
(
t,
(
x1
x2
)
,
(
y1i
y2i
))
·
(
t ′,
(
x1
′
x2
′
)
,
(
y1i
′
y2i
′
))
=
(
t + t ′,
(
e−2t x1′ + x1
e2t x2
′ + x2
)
,
(
y1i (t, x
1, y1j , x
1′, y1j
′
)
y2i (t, x
2, y2j , x
2′, y2j
′
)
))
,
where
y1i
(
t, x1, y1j , x
1′, y1j
′)= e(2m−2i+1)t y1i ′ + e(2m−2i+3)t x1y1′i−1 + y1i ,
y2i
(
t, x2, y2j , x
2′, y2j
′)= e−(2m−2i+1)t y2i ′ + e−(2m−2i+3)t x2y2′i−1 + y2i .
Then G has a lattice Γ given by
Γ =
{(
αs,
(
u1 + λu2
u1 + λ−1u2
)
,
(
v1i + λv2i
v1i + λ−1v2i
))
;
s, uj , v
j
i ∈ Z, j = 1,2, i = 1, . . . ,2m
}
,
where λ,λ−1 are distinct positive eigenvalues of B = (0 −11 k ) ∈ SL(2,Z) (k > 2) and α =
logλ.
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G =




e−3t 0 e−t x1 0 0 0 0 0 y14
0 e3t 0 et x2 0 0 0 0 y24
0 0 e−t 0 et x1 0 0 0 y13
0 0 0 et 0 e−t x2 0 0 y23
0 0 0 0 et 0 e3t x1 0 y12
0 0 0 0 0 e−t 0 e−3t x2 y22
0 0 0 0 0 0 e3t 0 y12
0 0 0 0 0 0 0 e−3t y22
0 0 0 0 0 0 0 0 1


; t, xj , yji ∈ R


.
We consider the Hard Lefschetz property for G/Γ × S1. By Nomizu–Hattori’s theo-
rem [7,9], we see HqDR(G/Γ × S1) ∼= Hq(g × R). Thus we may assume that symplec-
tic structures on G/Γ × S1 are left invariant. Let {α, θj0 , θj1 , . . . , θj2m} be a dual basis
{A,Xj ,Y j1 , . . . , Y j2m} (j = 1,2) and β a dual base to the S1-factor in G/Γ × S1.
For example, G/Γ × S1 has the following symplectic structure:
ω = α ∧ β +ω1 +ω2 + θ10 ∧ θ20 ,
where ωj = ∑mk=1(−1)kθj2m+1−k ∧ θjk ∈ ∧2nj ∗ (j = 1,2). We can easily see that
L2m :H 2(g×R) → H 4m+2(g×R) is not an isomorphism. Indeed, for the non-exact closed
2-form θ11 ∧ θ21 , we see that
ω2m ∧ θ11 ∧ θ21
= (α ∧ β +ω1 +ω2 + θ10 ∧ θ20 )2m ∧ θ11 ∧ θ21
= 2mα ∧ β ∧ (ω1 +ω2 + θ10 ∧ θ20 )2m−1 ∧ θ11 ∧ θ21
+ (ω1 +ω2 + θ10 ∧ θ20 )2m ∧ θ11 ∧ θ21 .
Since ωmj ∧ θj1 = 0 (j = 1,2), we find that
ω2m ∧ θ11 ∧ θ21
= 2mα ∧ β ∧ (ω1 +ω2 + θ10 ∧ θ20 )2m−1 ∧ θ11 ∧ θ21
= Kα ∧ β ∧ωm−11 ∧ωm−12 ∧ θ10 ∧ θ20 ∧ θ11 ∧ θ21
= K ′α ∧ β ∧ (θ12 ∧ · · · ∧ θ12m−1 ∧ θ10 ∧ θ11 )
∧ (θ22 ∧ · · · ∧ θ22m−1 ∧ θ20 ∧ θ21 )
= K ′α ∧ β ∧ (θ12 ∧ · · · ∧ d1θ12m ∧ θ11 )
∧ (θ22 ∧ · · · ∧ θ22m−1 ∧ θ20 ∧ θ21 )
= K ′d{α ∧ β ∧ (θ12 ∧ · · · ∧ θ12m ∧ θ11 )
∧ (θ22 ∧ · · · ∧ θ22m−1 ∧ θ20 ∧ θ21 )},
H. Sawai, T. Yamada / Topology and its Applications 149 (2005) 85–95 95where K,K ′ are constant and d1 is the differential operator on n1. Thus L2m :H 2(g ×
R) → H 4m+2(g × R) is not an isomorphism. Similarly, for each symplectic structure ω′,
ω′2m ∧ θ11 ∧ θ21 is an exact form. So L2m :H 2(g × R) → H 4m+2(g × R) is not an isomor-
phism (see [11]).
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